SOME MATHEMATICAL PROBLEMS AND THEIR SOLUTIONS FOR THE
OSCILLATING SYSTEMS WITH LIQUID DAMPERS (Survey)

Abstract. The mathematical problem of an oscillating system with liquid dampers is
considered, such as finding the order of the fractional derivative of a subordinate term based
on the given statistical data from practice, constructing a solution of the corresponding
system with nonseparated boundary conditions, including for large values of the head mass,
finding asymptotic solutions on the first approximations, and constructing optimal controllers
to stabilize the system around the corresponding program trajectories and controls.
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1. Introduction. The differential equations [22,28, 29, 30,38] of the classical oscillating
system

my(t) +ay(t) +by(t) = T () 1.1

play an important role in solving many problems of control [32], optimization [20,49,58],
oil production of sucker-rod pumping units [17-19,64], etc., where m is the mass of the
head, a and b are given real numbers with concrete physical significance, f(t) is an
external disturbance, a continuous real-valued function.

If the head of the oscillating system moves inside the Newtonian fluid, then the control
(1.1) ceases to describe the resulting process exactly and (1.1) is reduced to the next
control of the fractional derivative in the subordinate term [1,3,5,8,11,13,14]

my(t) + aD“y(t) + by(t) = f(t), ]

ae(0)u(2).

For equation (1.2), various problems can be considered:

1. Determining the order, which is the fractional derivative of the K.
subordinate term, using statistical data from practice D
(e.g., in oil production with a sucker rod pump unit, statistical data \ ()
can be taken from the volume of the flow rate at different points
intime ). Fig.1

2. Solution of a non-local boundary value problem for equation (1.2).

3. For sufficiently large values of m, finding the asymptotic representation by the first
approximation . Note that the results of (2), (3) can be successfully used to find program
trajectories and controls for oil delivery by a sucker-rod pumping unit [23 ].

4. Finding the optimal controllers to stabilize the motion of the head mass m around the
corresponding program trajectories and controls. Here the controllers can be designed using
time-frequency methods.



In our opinion, the second method is more acceptable for developing efficient computational
methods.

Note that the solution of the problem given in items 1-4 is considered in the papers [21,22,40-
43,68,78 ] for simple cases when m, a, b are constant real numbers. In the case of the motion
of the head of mass m in the Newtonian fluid (in the case of oil production, the motion of the
plunger in the fluid) is a function of t and as a consequence, after division by m, the
coefficients of the obtained two terms depend on t. Therefore, the above methods are
complicated and it is necessary to take into account the periodic problems [26,41] of choice
of program trajectories and control, as well as their optimal stabilization [44]. In this case, the
determination of the fractional derivative becomes rather complicated and requires the
discretization of the corresponding equation (1.2) [43]. Furthermore, the problem of selecting
program trajectories, controls and optimal stabilization is posed for the periodic system where
m and yoperate according to this principle. This approach is also acceptable for the fact that
the motion of the plunger in m and y is described by either differential or finite difference
equations, which complicates the development of effective computational methods due to the
inhomogeneity of the problem structures. Therefore, considering the discrete case facilitates
the construction of computational methods [39] for the homogeneous-discrete case [45].

2. Stationary case. Determining the order of the fractional derivative « .

2.1. Algorithm for determining « using a discretized Voltaire integral equation of the
second kind.

Let the oscillating system with liquid dampers (1.2) with the initial conditions is given
Y(to) =0, y,(to) = Y10-(2.1)
Thus, we get the Cauchy problem [40] (1.2)-(2.1).

Taking into account the definitions of the fractional Riemann-Liouville derivative [61], the

subordinate term in (1.2) takes the form:
1-a

D” ()_—j(t T) y(2)dz, t2t, >0, a < (L2). 2.2)

Then from (2.2) and integrating twice (1.2), we have:

y(t)+j‘Ka(t—r)y(r)dr —F(t), t2t, >0, 212 (2.3)

fo

Ka(t—r)=%%+%(t—g),(z.4)

F ) =%j(t—r) F(0)d + yyo(t—t,), (2.5)



Now, discretizing the Volterra equations of the second kind (2.3) with a steph = % in the
interval h =——2 , we obtain:
i—1 _
yi + > K, (@t -t )yh=F, i=1n,(26)
k=0
where
y, =y(t), t, =t,+ih, i=1n, t =t,+nh=t, +nih =1, 2.7)
n
at,-t)™ b —
K (t-t)=——"—""""—+—(. -t), k=0,i-1 i=1n, 2.8
a(l k) m (1-0{)' m(| k) ( )
1 i—1 ) _
F :EZ(ti—tk)f(tk)h+yk(ti—to), i=1n. (2.9)

k=0

Choosing « from (0,1) U (1, 2) ( the choice is given on the interval (1,2)) with a step 1 , We
p

have:

o, =1+>, s=1p-1
p

For the corresponding y; from (2.6), we get:
i—1 -

y; =F —h> K, (t -t))ys, s=1p-1i=1n.(2.10)
m=0

To find the parameter «, we use the least squares method [23] and compose the following
functional:

1= 3 (v )

where y; depend ona (in the form (2.6)), and y’are statistical data taking from practice.
Then for determining o we get the equation:

p-1 n-1 n-1 _
D S S -ty Fy -y S Kt Thady h 0 2.12)
aa s=1 m=0 m=0 60(

more pimple form



S

(@, —t. )" In(t, -t )TR-a)+(t, —t, )™ j e 't Intdt

n-1

1
(_Z Ka (tn _tm)ymh+ Fn - yrs1)><
=1

oy

m=1

(2.13)

° Ym =0.

3

m=1

Ir’2-a)

where T'?(2— ) is the Euler function, having solved by a linear path of equation (2.13) with
respect to « , we determine the desired fractional derivative.

Let us present the following algorithm for the solution of transcendental equation (2.13):

Algorithm:

1. ¢ - determining the accuracy of the solution of the problem and parameters a, b, F;
are set.

2. The segment [a,, a,] is defined, where the root of the function f(a) is sought, where
f(a,)f(a,) <O0.

3. N=10, i=4 are given.

4. The values of statistical data are from tablel.

5. Are calculated the midpoint o _4t% ;az and the value of y(«) according to the
formula (2.12).

6. If |y(a)| < ethe process stops. Otherwise, if y(c;)y(a) <0, we denote &, = o and if

y(@)y(e,) <0, then o, = a.Go to step 5.



Note that by setting n = % we calculate o; = o, + (i —1)hfor i =1,N +1and define the

values of the function f  whose  graph is  shown in Fig.2.

200 r r T r r T r r T

150 y

100 -~ y

50

I
1

50 - i

-100 - y

r r r r r r r r r

150
17 172 174 17 178 18 182 184 18 188 19

Fig.2. Dependency graph y(«) on « .

2.2.Asymptotic method. Finding the parameter « for a sufficiently large m.
Let m in (1.2) mis a sufficiently large, i.e.,taking ¢ = 1 this equation can be written
m

in the form:
V+eaD“y + by = &f (2.14)
under condition (2.1), where its solution in the first approximation with respect to a small
parameter ¢ has the form [31]:
_alt-t)™ s Sh(t—t,)*
B—a)! 6

Note that in determining « for this case, it is necessary in (2.12) or (2.13) instead of Y, to

y(t €)= ylo(t_to)"‘@ﬁ{ } (2.15)

take into account (2.15) at the point t,,. After corresponding transformations, we have the
following equation
k
_ 3-a _ 3 z yTs yls
a.(];l:(4 to)) =5b(T 6t0) +£ _(I'_to)+ S:1k '
- &
Z y2 (2.16)

s=1




where T'(4— ) is the Euler function, Yy, is the final condition for the solution of the original
system on the wake in the form (2.2) of the given statistical initial conditions Yy, :

F(4-a)=[e't™"dt.
0

It is easy to prove that [77] if

NnB-a)+2+

G- 1 (1)
In(T —t,)

is satisfied, then (2.16) has a unique solution.

Returning to (2.16), we represent it in the following form
a=G(a,T,et,), (2.18)

where

_InF(t,sT)+InE-a)!

60 =3 In(T —t,)

, (2.19)

k

D VreYis

F(t,g,T)=59(T_—t°)3+i (T -t)+t | (2.20)
a agc

| k
3 32
s=1

Note that equation (2.18) with condition (2.17) has a unique solution.

If we choose the initial approximation ¢, in a close neighborhood of the solution &,
we can prove that the sequence

1 =6(e, T, 6,1))
convergestoa , i.e.a, > .

3. Method for solving oscillatory systems, where fractional derivatives with a step of 1/q
(g € N) entering both the equation of motion and nonlocal boundary conditions.

3.1. The general case.
The general form of above equation (1.2) has the form [7,12,68]:

29-1 k
y'(t)+> aDy(t)=f(t) 0<t, <t<l, (3.1)
k=0

whereq e N = {1,2,3,...}- natural number, a, € R - given real numbers, f(t) — continuous real

valued function, in equation (3.1), the order of the derivative varies by 1/q to the second
order.



For equation (3.1), we present the following nonlocal boundary conditions:

2q-1] K K .
a, DUy({t) +A,D(t) |=r7,, =1 2q, (3.2)
t=t, t=I

k=0

wherer, ,Bjk and y; are given real numbers and boundary conditions (3.2) are linearly

independent.

By means of substituting
k

DYy(t)=z,(t), k=0,2q-1,

2 1
Dy(t)=y"(t)= D“zm(t), (33)
the  boundary value problem (3.1), (3.2) is reduced to the form:
1
DYz(t)= Az(t)+ B(t), O<ty<t<l, (3.4)
aty)+ pel) =7 (3.5)
where
0 1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0 0
Al . . . L . . | 36)
0 0 0 0 o . ... 1 0 0
0 0 0 0 o .... 0 1
0 0 1
-a, —& -—a, —3 —8, . . . . —Ays —q, —dy,
Bt)=0 0 0 0 ... ..00 0 f(t), oO<t,<t<l, (3.7)

Z(t):(zo(t) z,(t) z,(t) - Zpgs(t) Z.(t) Z2qfl(t))T 0<ty <t<l,38)
{0[ = (ajk) =1, 2q,k=0, 2q—1- 'B - (’Bjk),-_l,zq,k_o 29-1

Let

T= (tij)iz,(}:l (3-10)



matrix transformation reduces A to a diagonal form, i.e.

AT =TA, (3.11)
where
A 0
Ay
A= (3.12)
/’i’2q—1
0 g

Then with the replacement
Z(t) =TW(t), (3.13)

the homogeneous equation corresponding to (3.4) is reduced to the form:
1

DIW(t) = AW (),  (3.14)
the solution of which is given using the Mittag-Leffler function [4, 9, 27, 33, 37, 79, 81] has
the following form:

g M+l
o0 q -
W, ()= Y4 ——— k=12q, (315)
o £—1+m+ j!
q

where the elements A, of the diagonal matrix A are determined from the equation
det(A—AE)=|A-AE|=0,(3.16)
E - unit matrix of order 2q. Thus, the matrix solution [24] of the homogeneous equation

corresponding to (3.4) has the form:

L
q

(3.17)

zﬁ):iNW.

For the general solution of the homogeneous equation corresponding to (3.4) we obtain:

L

y=ztc=S A" ¢ (318

[—1+k+1j!
a

where C- arbitrary column with a size 2qwith constant elements.
If
f(t)=0, (3.19)
taking into account (3.18) in (3.5) we have:
oZ(t,)C + pZ(1)C =7,(3.20)

or

C=laz(t,)+AZ(1)]"7.(3.22)



if

det[eZ (t, )+ 5Z(1)]#0.(3.22)

Then we get

Theorem 3.1. If a,, k=0, 20—1- given real numbers, f(t)=0, ;. By, 7; for ] =1, 2q,

k =0, 29 -1 Also thegiven real numbers and the condition (3.2) are linearly independent,

then the solution of the problem (3.4), (3.5) is given in the form (3.18), where C is defined in
the form (3.21) under the condition (3.22).
The second method to solve the boundary value problem (3.4), (3.5).By integrating
equations (3.4) of order 1/g, we reduce to the following Voltaire integral equation of the
second kind [15, 36, 63]

7—1

AI
i
a(ty)+ fall) =y

where

1y

tq

)z +F(t)+C (3.23)

1 -1

I

Substituting (3.23) into (3.5), we have

KT

TR ) |

det|

F(t) = j B(r)dz.  (3.24)

Ll

T

from which

: z(r)dr+F(I)+C (3.25)

-1

2(r)dz+ F(1) |, (3.26)

+ #0.(3.27
1), ﬁ(l ] o
q q
Substituting (3.26) into (3.23), we arrive at an integral equation containing both Voltaire and

Fredholm terms [59]. The theory of such equations was developed in the works [83]
3.2. Asymptotic method.



In the previous problem, each side (3.1) was divided into m (for large values of m) and

assumed that l =& we have:

m
2q-1 E
y'(x)+ D ea,Diy(t) =& (1), 0<t, <t<I,(3.28)
k=0
2g-1 k k ] -
> | @Dy + B DY (=75, i=12a (3.29)
k=0

Similar to the previous one in section 3.1, we arrive at the following problem:
1

DZ(t, ) = A(g)Z(t, &) + B(t, &), (3.30)

oZ(ty,e)+ FZ(l,€) =7, (3.31)
where
Z(t,8) = (Zo(t,8) Z,(t,5) Z,(t,8) . Zpe 1 (t,5))", (3.32)
Ale) = A, + A, (3.33)
B(t, ) =, f (t), (3.34)
a, B, y are given in the previous case.

A,- nilpotent of order 2g, A -zero matrix in the last 2qgth row

(—8g—a —a, ... 8y, —8y4), |, =(000..01) order2q.

AT=0A =(-D""af 1A, (3.35)
The solution of the system of differential equations (3.30) will be in the form:

Z(t,g):ngZ(k’(t). (3.36)
k=0
Substituting (3.36) into (3.30) taking into account (3.33)-(3.35)
1
Dzt =Az®), (337

DIZY(@) = AZO®) +(AZO®) +1, (1), (339

DIZO(t)=AZOM)+AZCV (M), s>2,  (3.39)



with boundary conditions
aZ®(t,)+pzO0) =7, (3.40)
oZ®(t,)+ZO(1)=0, s>1. (3.41)

Taking into account the condition (3.35) the matrix solution of system (3.37) has the form:

L

Z20=YA . (342)
e

and the solution of boundary problem (3.37), (3.40) is found as follows:

29() =29 M)z t)+ 2O W]y, (3.43)

if

detloz @ (t,) + 2 (1)|=0. (3.44)

The solution of homogeneous equation corresponding to equations (3.38) has the form:
29t)=z9@1)C, (3.45)

where C-vector column of length 2g with arbitrary constant elements, and the solution of the
boundary value problem (3.38), (3.41) for s =1 has the form:

0 0 0
0 0 0
201 =-Z2OM[ZM)+Z2OMI B P el P+ P (3.46)
0 0 0
Al (AG))] \A®

where
AM) = 1{F )+ A, ZOMZ )+ Z DIy} (347)

If we restrict with zero and first approximations, then for the solution of the boundary value
problem (3.30), (3.31) we obtain:

z(t) = 29 (t) + 2 (1), (3.48)
where 2@ (t) and z® (t) are defined (3.43), (3.46) correspondingly.

Note that the results presented in item 3 can be used to construct program trajectories and
control oscillatory systems with liquid dampers [21,25].



4. Construction of optimal regulators of stabilizing oscillatory systems with liquid
dampers.

An algorithm is given for the design of optimal controllers for oscillatory systems using the
method of liquid dampers by the analytical design of optimal Letov controllers [6,42] (this
method being called the time method). Then one proceeds to the frequency method, i.e., the
equation of motion by the Laplace transform and the Fourier transform, translates the
quadratic functional into an algebraic equation, and then uses the elements of the calculus of
variations to construct an optimal controller. This method is called Larin parametrization to
construct optimal regulators [2,57,78] for linear quadratic control problems on an infinite
time interval.

4.1. Construction of optimal regulators by the Letov’s method [6,42].

Let the motion of the object described by the equation (3.1) has the following initial
conditions

DUy =Y, (t) k=0,29-1(4.1)

t=ty
where y(t) - control action, vy, (t,) -given real numbers.

After corresponding transformations (3.1) is reduced to the normal system (3.4), i.e.

1

DYz(t) = Az(t) + Gu(t), (4.2)
with initial conditions
2(ty) = 2o = (Yo (to), Y1 (to), - ’y2q—1(t0))T1

where z(-), A, u(t) = B(t) are defined from (3.6)-(3.8), u(t)- we take it as a control action,

G=(00..01".
The problem consist of finding the linear control law
U (t) = Kz(t), (4.3)

so that the closed system (4.2), (4.3).

1
Dz(t) = (A+GK)z(t), (4.4)
be asymptotically stableandthe next quadratic functional

J= T(zO ()Qz(t) +u’(t)Ru(t))dt (4.5)

received its minimum value along solutions (4.4).Here the sought constant matrix K with
corresponding dimension, matrices Q >0, R >0 are given symmetric and also have the
corresponding dimensions.

As shown in [2,6], the desired feedback target matrix K has the form:



fagp_|He O] 4, _| A -GR'G T_T] T,
' 0 H_| -Q -A | T, T,

and H. ith the dimension 9% 9 has pasmepaoctuhas eigenvalues on the left half-plane, H_
—on the right. In this case, the closed system (4.1)

D“z(t) = (A-GR*G'T,T, ) z(t), z(t,) =z, (4.7)

has a solution

2(t) =T,X,(1)C,, (4.8)

Which for t — oo, )Zl(t) — 0Oand therefore z(t) — 0, where is defined in [2,6] :

S+1

S+ p pk 7+k
1 - Y+ S+1 I +
rhiE K (“Hk}
Y
L;l_l -1 »p
+ Aq A +A%e
SZ(; o ) (4.9)

Ciis an arbitrary constant vector defining from the initial condition z(t,) = z,.
4.2. Larin parametrization. Consider a simple form of the equation (3.1), i.e. let

my"(t)+aDy(t)+ by(t) =u(t), a= Ep (4.10)

where « is one of K in (3.1) and has an initial condition
q

y(to) =0, y'(t) =y, (411)
The problem consists of finding
u =Kt (4.12)

that the functional

J =%I(ry2 +cu?)dt (4.13)

obtains a minimum value and the closed system (4.10), (4.12) is asymptotically stable.
Taking the Laplace transform to (4.10), we have
P(s)Y(s) = M(s)u(s) +¥(s), (4.14)
where
p

P(s)=mS? +aS® +b, M(s)=1 ¥(s)=y.(4.15)



Using Fourier transforms and Parseval's identity [69], we write functional (4.13) in the form
1% -
o j(r y(s)y(=s)+cu(s)u(-s))ds. (4.16)

—ioo

J=

In a comprehensive area, it is necessary to find a law on regulation
@, (S)U(S) = @, (S)X(S), (4.17)
so that the functional (4.16) receives the minimum value, and the closed system (4.14) +

(4.17) is asymptotically stable.
Composing the matrix Z from [49, 70, 72, 76]

S {P(s) M (s)}
A(s)  B(s) |

we select freely varying parameters A (s), B (s) so that Z*(s) is analytically on the right

half-plane, i.e. det Z(s) = P(s)B(s) + M (s)A(s) should be Hurwitz or constantly. In this case

(4.18)

As)=1 B(s)=0. (4.19)

Using Larin parametrization [70,71] and accepting «(s) = ) 8 we get
),
d(s)P(s) -1
s)=——"—"—,(4.20
(9) o(s) (4.20)

where ®(s) is Larin parameter [72] physically realizable - analytically on the right half-plane
d(s) = BO—(S) (4.21)

D(s)
T(s)
D(-s)’
T(s) = —CP(-s)¥>.(4.22)
Here B, is the integer part, the fractional part B_(s) has poles in the right half-plane after

T(s)
D(-s)

where B,(s)+ B, (s) = D, (s)D_(s) = (r +cP(s)P(-s))K¥,(s).

separating the expressions . In case of factorization, D(s) has zeros on the left half-

plane from (4.22).

Substituting ®(s) from (4.21) into (4.20), then for w(s) we get:

os) = B, (s)P(s) + D(s)
B, (s)

i.e.

@ (8) = By (), @, (s) = By (s)P(s) + D(s). (4.24)

Let’s prove that the closed system (4.14)+(4.17) is asymptotically stable. Substituting

@, (S), @, (s)from (4.23), (4.24) into

de{ P(s) ~M(s)
w(S)  w,(S)

we obtain that the closed system is asymptotically stable.

. (4.23)

}: D(s), (4.25)



Another parameterization, the so-called Youla-Kucera-Degoer [73-75], unlike [70-73],
suggest choosing «(s), A(s) will satisfy the following

P(s)A(s) + Ma(s) =1.
Diafant equation which is a special case of Larin's parametrization [70,72,76 ].

4.3 Asymptotic method.For a sufficiently large m >>1xkakBnyHkre 3.2 IpUMEHSIEM & = 1
m

and we have equation (3.27) which appears ¢, where, as in (3.2), (3.3), and (4.2), we get

1
Dz(t) = (A, +A)z(t) + £Gu(t). (4.26)
Then looking for
T=T®+aT0 = TO 40 TO L0 [ R==R
For K from (4.6) we have the following expression
K =_RG f[-fs(O)fl(orl n g(_-|=3(0)-|-1(0>*1-|-1(1>-|-1<0)*1 +-|-3<1)-|-1(0)*1)], (4.27)
where TO T T® T® are defined from [].

Now, using a particular method, we can redistribute @, (s), @,(s) (4.17), when equation

TO 4 6F0 TO L0 1
&

(4.10) for a sufficiently large m >>1 goes to the form
y+ Dy + by = au(t)

and for the given case
P

P=s’+es’ +eb=P,(s)+&P(s), M =g, w =y,
P

where P,(s) =s?, P(s) =as® +b,

and as a result of this, D(s)D(-s) at the first approximation with respect to the small

parameter ¢ has the form
2+£

D(s)D(-s) ~cy/s* —2aces ¢ —2y/bes® +r (4.28)

and further

P
T(s) =—c(s* —&as” + by, (4.227)

Similarly to the previous case, it is possible to determine @, (s), ,(s)at the first
approximation with respect to a small parameter ¢.

D(p)D(—p) = cyl(p°* +Op* ™" +...+ Op™*H —2—350‘““ +O0p™ !t 4 +0p™ -
€ (4.29)
2b 41 r
——g ' +0p" +..+O0p+—).
c Vi

Now we factorize [52-54] the polynomial (4.29) in the following form
D(p) = ey, (p® +(L'+GTIN), (4.30)
where in this case



and the matrix IT is a positive definite solution to the following matrix algebraic Riccati
equation [ 46, 50, 55, 56, 65,67]

IF+FTI-(TIG+L)(GTI+L")+R=0.(4.31)

Here F, R are block two and three-diagonal matrices as

0 1 0 .. 0]
0 0 1 ... 0
F=|... .. ... ... .., R=R,+R/,
0 0 0 .. 1
0 0 0 .. 0

R, = diag][r,0,...,0,—2ace,0,...,0],

R, = diag[o,...,o,%q,...,o} F,R=R, +R,, R, =diag[r,0,...0] R, = diag[o,...,—rac,o,...,%,0,...,0}
Choosing such solution IT, the equation (4.31) so that the matrices

F-G(L'+GTI) (4.32)

are Hurwitz, i.e.. the eigenvalues of (4.32) lie in the left-half plane.

Now we are looking for (4.31) in the form

I1=T1, + 41,.

For IT,, IT, we have the following

I1,F + FTI, - I1,GG'TI, + R, =0, (4.33)

I, (F —GG'1,) + (F' —I1,GG)II, + R, =0, (4.34)

I.e.solving Riccati equation (4.33) with respect to IT,we find a solution so that the matrix

F —GG'T1, is Hurwitz. Further solving the Lyapunov equation (4.34) [48] we getIT, >0 and
we restore the factorized polynomial [62,66] D(s) in the following form

D(s) = D, (s) + &D, (s), (4.35)
where

D, (s) = Ve, (s? + GTI,N(s)), D, (s) = /cy,GTIN(S),

!
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where N'(s) =1, s%,...,s 9 |.

We can easily show that in this case from (4.22) has the representation
P

T(s) =—wlcs® +&(as® —b)cy/.(4.36)
Then from (4.22) By (s) = —y,+/c and therefor from (4.24)



@y (s) = -y, c, (4.37)
,(5) = (~y,JCPy (5) + Dy () + £(~, V/CP, () + Dy (5)).

Now we can easily prove that the corresponding closed system is asymptotically stable equal
to D, (s) + &D;(s) which is equal in the first approximation to Hurwitz polynomial D(s) .

5. Discretization problem (1.2), (2.1).

5.1.Reduction the Cauchy problem (1.2), (2.1) to an integral equation of the second kind
with respecttoy .

We consider the following initial problem for a second-order ordinary linear differential
equation with constant coefficients and fractional derivatives [10, 16, 34, 35, 60, 80, 82] in
subordinate terms, i.e.

y"(xX) +aD?y(x) +by(x) = f(X), x>0, a(l2), (5.1)

y(0) =0,
2
{y’(0)=ylo, 2

where the coefficients a, b of the equation (5.1) and initial data Y10— given real numbers, the
right-hand part of equation (5.1) — given continuous real-valued function, y(x)- the required

function.
The initial problem (5.1) - (5.2) is reduced to the integral Voltaire equation of the second kind

with respect to ¥ (%) -
Let’s perform the following transformation:

D“y(x) =D“"Dy(x) =DD“?y(x),  (5.3)

where D = i a-1e(0,1).
dx

Then
Da-ly(x)_Dj (x t)lay(t)dt (5.4)
(1-a)!
and
“ (x—t)™
D“y(x) =D j y(t)dt. (5.5)

d-oa)!
Now we transform the integral in (5.5) so that the differentiated ones can be introduced
under the integral sign:

(x= t)l_ ot = [ yod, X0 (56

j S Y0 j YO~ 69
con3|der|ng 2—a >0, we integrate the integral in (5 6) by parts:

X (X_t)Z—a_ (X t)2a ( 2—(1
—jy(t)dt (z_a)! =~ y()t:o j(z_ oY Odt= o=y +

(5.7)

( (X_t)27a '
.[ y '(t)dt Imy (t)dt,



for obtaining (5.7), we take into account the first condition from (5.2). Then from (5.4) we
get:

D“y(x) = Dj( L

T y'(t)dt = j

In the obtained integral (5.8) we will carry out the above operatlon again i.e.

(x— t) (x—

y(t)dt=D j y'(t)dt. (5.8)

(x—t)™ oy DT (x- t)“ G
j(l_ oY Odt= jy(t)dt eoan - YO I(Z_ TR A

2 2-a 2—a tZOa (59)

- VO j R TRACL, j Yt
Thus from (5.5) we get.
Dy = DDy =D| Xy [ OO Lyryan | -
-’ ") (2= a)!

» ) . (5.10)

iV j YDt
Now we consider the third term on the left-hand side of (5.1):
y(x) = [ y'@®)dt+ y(0) =[ y'(t)dt =[ dt{ [y'@)dz+ y'(O)} = [dt[y"(r)dz + [ y,edt =

0 0 0 0 0 0 0 (511)

= [y"(@)de[dt+y,ox = (x=t)y"®)dt + y,ox.
0 T 0

Now considering (5.10) and (5.11), the equation (5.1) take the form:

y"(x) + { X j (x= t)la "(t)dt}b[j (x— t)y”(t)dt+ylox}—f(x)

or

t)la . 10:

V(%) +aj( (t)dt+bj(x )y Odt =f () - a( )]

Y10 —BY10X,
or
y"(X) + JX. K, (x=t)y"(t)dt = F(x), x>0, (5.12)
0
where

_ (x=0 _
K,(x-t)=a Y +b(x-1t), (5.13)




l-a

X
F(x) = f(x) —[a (2

+ bx} Yoo (5.14)

Here we will discretize the Voltaire integral equation of the second kind (5.12).
5.2. Discretization.

Considering y(x)=y,, F(x)=F, and

-2
yn(x) ~ yn+2 hy2n+l + yn ’ (515)

we obtain:

_ n-1 —
Yiio Zh)im_l +VY, 4 h; Ka (Xn _ Xk) Yiso 2h{k+l + Yy — Fn1 n>0

whereh-step, x=X,, X, =0, t = x, =kh

Then the obtained system of algebraic equations will take the form [51]:

< (Xn B Xk)l_a

Yo = 2yn+1 — Yo~ hz aW‘*‘ b(Xn - Xk) (yk+2 - 2yk+1 + yk) +
k=0 —&):

(5.16)

l-a
+h2{fn {a (1X_na)'+bxn:|ylo}, n>0, f, = f(x,) f, = £(0).

5.2.1. The case of even indices.

Representing (5.16) for an even and an odd indices, we obtain the following pair of relations:

=2 . i h2m7 (szfz — X )17(1 b _ )
Yom = ¢Yoma — Yomoo Z a +0(Xom2 = %) | (Viea =2Yia + Vi) +
k=0 1-a)!

X5
+ h2{ forny — {a (12_ az)l + bem_z}ym}, m>1,

or



2m-4 (X mep — X )17“
Yom =2Yoma ~ Yom-z — h Z {a 2 (f— Ol)k!

k=0
]_,
_ h{a (szfz — X2m—3) “

Ql—a)! +D (X, — sz—3):|y2m—l +

X —X l-a
+ 2h|:a ( 2m—2(1_ ;;;3) +b(Xpp, — X2m3):|y2m2 -

_ h{a (sz—z — sz_3)1—a
l-—a)!

+b(Xppm = szs)}’2m3 +

X5
+ hz{ fomo — {aﬁ " bX?-m—Z:|le}’ m=1,

or

_ l-a
y2m = {2 - h|:a (sz_z sz_S) + b(XZm—Z - X2m—3)j|}y2m—l +

1-a)!
{ { (sz—z B sz—4)l_a :|
+<-1-hla +DB(Xom 2 = Xoma) |+
l-—a)!

X —X l-a
+ 2h|:a ( 2m—2(l_ 02{“)1;3) +b(Xpp_p = X2m3):|}y2m2 +

(sz-z — sz_3)1—a _ -
+ {_ h{a (1—a)! +b(X,, szs)}

_ h{a (sz—z B sz—s)l_a
@l-a)!

+0h(Xy 5 — Xm-s)} +

Xom o = Xom a) *
+ Zh{a ( 2m—2(1_ ;’;;4) +b(Xy, — sz—4)}}>’2m—3 -

| (Koo = X, )170,
" kz=(; {a (1-a)! +D(Xon2 = %) Yieo +

EUS (Xom_o = X, )1705
+2h kZ_;I:a 1—a)! +D0 Xy =X ) [Yir —

2m8l(x _— )1-a
~h) |a—2m2 "k b(X,,_, — X
Z[ Gy e “)}yk '

Xon
+ hZ{ f, - [a—(lz_ az)' + bX2m2:|ylo}.

+ b(XZm—Z — X )}(ymz - 2yk+1 + Yk) -



Finally, we group the resulting expression as follows:

Xomp — Xom3) *
Y, = {2 _ h{a ( 2mle_ ;;IS) +b(Xy, , — x2m_3)}}y2m_l +(5.17)

_ l-a
+ {_1_ h|:a (XZm—Z XZm—4) + b(X2m72 _ X2m4)j| +

@-a)!

Xomp — Xom a)*
+ Zh{a ( Zm_z:l_— ;;;3) + b(xzm—z - sz3)j|}y2m2 +

+ {_ h|:a (X2m2(1__xozlr;!3) - + b(xszz - szS):| -

e )¢
(X2m—2 - X2m—4)1_a
+ Zh[a (1-a)! +00n-2 - sz_4)}} Yoo
" zf{_ h[a Oana =)™y } '
> o) am-2 — Ak
e =
Aol o
+ {Zh[a% +b(Xyp, , Xo)}
_ h{a% +b(Xomp — Xl)}}yl *
T
Y 2m-2 = %Xo) Yo
—-a):

Thus (5.17) is a discrete version of problem (1.2), (2.1) when the index is even.

5.2.2. Odd indices.



Now we consider the case when the indices are odd, i.e.

S (XZm—l — Xk )l_a
Yoma = 2Y2m ~Yoma — h Z a— — —+ b(XZm—l - Xk) (yk+2 - 2yk+l + yk) +

@—o)!

k=0

Xl—a
+ hz{fml —{aﬁ + bx2ml}ym}, m>1,

or

(XZm—l B sz_z)lia
@-o)!

Yomea = 2Yom = Yoma — h{a +D(Xyp 4 — sz—z)}ym -

i (X m-. X m— )170[ — |
—hla>2 1(1 2 )|3 + b(XZm—l X2m—3) Yoma
i (X m-! X m— )l_a -
—hla>2 1(1 2 )|4 + b(sz—l X2m—4) Yom-2

2m-— (X2m71 _ Xk )1,0!
; kz—:{aw +b(Xam1 = Xi) |Yisz +

_ B -
+ 2h a (X2m—l X2m—2) + b(xszl _ X2m2):|y2ml +

1l-a)!
Lo a (szl(l‘_xér;;)la (X, — xzm_s)}yzm_z .
+ 2h224{a% +b(Xyp 0 — X )}’m -
- h{a (sz—l(l‘_xggf)l_a (X ~ xm_z)}yzm_z -

2m— (X —X )1706
—h g 2ml Tk 4 p(x —X
élli 1—a)! +0(Xpp k)j|yk +

X5 0
+ hz{ f, - {am + bx2ml}yw},

or



_ 1-a
Yomua = {2 - h{a (szil sziz) + b(XZm—l - XZmZ)}}yZm +

1-a)!
+ {—1— h{a (szl(l_ er;|3)la +b(Xypq — sz—a)} +
—Qa):

Xoma = Xomp) *
+ 2h|:a- ( 2m—l(1_ ;rr)1|2) + b(XZm—l - X2m—2):|}y2m—1 +

(X2m—l — X2m74)17a _ —
+ {_ h|:a (1_ a)! + b(XZm—l sz_4)}

Xom1 — Xom ) ®
- h{a ( 2”‘*1(1_ ;";f) +b(Xpmy — sz)} +

B l-a
+ Zh[a (Xom-1 = Xan-s) +b(Xyy — X2m3):|}y2m2 -

(1-a)!
2m— (sz_l _ Xk )1—a
" k—iaw +0(Xom s = X) [Yiio +

2m-4 X —x )~
+2h z {a% +b (X5 — X, ):|yk+1 -

T (Xomey = X, )1705 _
—h z{aw + b (Xyp 4 — X, )}yk +

Xl—a
+ hZ{ f —[aﬁ+ bx2m_1}ylo}, m>1.

Similarly to (5.17), we group the resulting expression as follows:

_ l-a
Yomi = {2 - h{a (szil X2m—2) + b(XZm—l - XZm—2):|} Yom +

1-a)!
(X2m—1 — szfs)l_a —
+{_1_h|:a (1—&)' +b(X2m—1 XZm—3):|+ (518)

Xom 1 = Xom 2)
+ Zh{a ( 2m_21— 02;;_'2) +b(Xyp — X2m2):|}y2m1 +

(XZm—l B sz—4)l_a _ —
+ {_ h|:a (l— a)! + b(sz—l X2m—4):|

X ~X l-a
- h{a ( 2m—1(1_ 023—'2) +b(Xo s — X2m—2):| +

Xom1 — Xom.a) “
+ 2h|:a ( 2m—l(1_ ;r;;g) +0(Xyy — szs)}}ﬁmz +



= (Xoms =X 0)™" _
Z;{ { (1—a) +D(Xym 1 Xk-z)}Jr

2m—1 Xk—l) _ —
[ (o) +D(Xym 1 Xk—l):|

— h{a (sz—_l —% ) +D(Xpn 1 — ):|}

(1-a)!
{ { (X2m(1_a;)l_ +b(Xpp 4 = x)}
( Am-1 ™M -1 1)1 ‘
{ 1-a) =+ P(Xyy g — X)}}yl

(XZm—l — Xo)l_a -
+ {— h[aw +b(X, 4 Xo)}}yo T

l-a

X m-.
"‘hz{me—l { (1i l)| +bx 2m—l:|y10}' m=>1.

Finally, taking into account (5.17) in (5.18), we represent it in the following form:

X . —X . )l—a
Yoma = {2 h{ (X, 1(1_;)|2 +0b(X5m _X2m—2)}}x

X _— l-a ]

X —X l1-a ]
+ {2 - h|:a ( 2m—1(1_ 02;;_'2) +O Xy = Xon2) }X

Xor o= Xor 4)
[ |

Xy — Xom.a) “
+ 2h|:a ( szz(l_ 02;;|3) +0(Xp — X2m3):|}y2m2 +

+ {2 - h[a (Xon 1 = Xan )" +b(Xypn 1 — szz)}} X
l—a)!

_ l-«
{‘ h[a Uone Mans) oy, , - xzm—sﬁ -



_ l-a
—h{a(X“il_X;”;f) +b<x2m_2—x2m_5>}+

Xor o — Xom 4 ) °
+ 2h|:a ( szz(l_ ;r;l4) + b(szfz - X2m4):|}y2m3 +

+ 3 2—-hla (szfl _ szfz)lia + b(Xz 17X 2) X
s 1-a)! e

% {_ h|:a (sz—z - Xk )170! + b(XZm—z _ Xk )j| +
Q-

X o = X 1) "
+ 2h|:a ( zmki_ ak)'l) +b(Xppm 5 — Xkl)} -

(sz—z — X2 )l_a —
— h{a (1) +b(Xy s sz)}}Yk +

+ {2 - h|:a (sz_l _ sz_Z)l_a + b(xzm—l - X2m2):|} X
1-o)!

Hg o - XO)} .
1-o)!

(XZm—Z — Xl)lia
- h{aw + b(xszz - Xl)j|}yl +

_ l-a
+ {2 _ h|:a (sz—l sz—z) + b(xzm—l _ X2m—2)j|} X

d-a)!

(X2m—2 B XO)l_a _
X {— h{a 1-a) +b(X5_, Xo)}}yo +

B _ 1-a
+ hz{z —hla (sz_l(l XZI;;Z) +b(Xy, — X2m2):|} X
—qa):

_ xl;fi
><{fzmz —|a (12_0;)| +bxzmz}/w}+

Xom g — Xom 5)”
+ {—1— h|:a ( 2m—1(1_ ;m)f) +D(Xy 4 — Xm-s)} +

Xom g — Xom 5 ) *
+ 2h|:a ( 2m—l(1_ 02;;_'2) + b(x2m—1 - X2m—2 ):|} y2m—l +



+ {_ h|:a (sz—l - sz—4)l_a + b(sz,l _ X2m4):| +
1-a)!

Xory — Xor 5) "
+ 2h|:a ( 2m—1(1_ ;m)f) + b(sz—l - szs):| -

(X m-1 X m— )1—0!
- h|:a 2 1(1_ 02{)[2 + b(XZm—l - X2m—2) Yomo t+

L (Xom g — Xk—z)lia _
+ ;{— h|:a I-a)! +b(X5 Xk—z):| +

X - X, . l-a
+ 2h|:a ( 2 (;-_ O:)Il) + b(XZm—l - Xkl):| -

_ h{a (XZm—l — X )170[

(02 +b(X, 4 — xk)}yk +

+ {Zh{aM +b (X, — xo)} —
l-o)!

_ h{a (X2m—l B Xl)lia

(1—2) +b(X, 4 — xl)}y1 +

(XZm—l B Xo)l_a
{ h{ﬁb()}y

l-a
+ hz{mel - |:a szil + bX2m1:|le}’ mz 1'

Ql-a)!

or by grouping the corresponding terms, we have:

Vo = {2 - h{a s )% i, - xzm_z)D < (519

X (2 - h|:a (X2m72 _ sziS)lia + b(XZm—Z - XZmS):D -
1l-a)!

X _— l-a
-1- h{a ( Zm_l(]__ 02;;3) + b(XZm—l - sz—s)} +



_ 1-a
n 2h|:a (sz—l sz—z) + b(meil — Xom_2 )}} Yoma +

1-a)!
+ {(2 B h_a (sz_l — X2m_2)1_a + b(XZm—l - X2m2):|J "
i 1l-—a)!

B X —X 1-a
x(—l—h al zmzl_;n)y) +b(x, —x2m4)}+

+ zh{a Conz ~Yans) " | b(Xym 2 — szS)D B
l-a)

X —X 1-a
- h{a ( 2m—1(1_ 62;;4) +b(Xypy — X2m4):| +

X —X l-a
+ 2h|:a ( 2m—1(1_ ;m);S) + b(sz—l - szs):| -

r X —X la
_hla (Xoma = Xom-2) +b(X,, 4 — X2m—2):|}y2m—2 +

Q—a)!
+{ 2— h{a (o1 = Xan )" +Db(Xym 1 — sz_z)D X
Ql—a)!

(szfz — X2m73)1_a _ —
(— h{a I-a)! +Db(Xym szs)}

X —X l-a
- h{a ( 2m—2(1_ 02;;;5) +b(X, 5 — sz—s)} +

+ Zh[a (Xan 2 = Xan-a)"" +b(X, , — XZm_4)D -
@—a)

. h{a (X2m—l B X2m75)17a

1-a)! +D(Xpm 1 — sz-s)} +

X . _— . l-a
+zh[a( 2 1(1_;);*) +b(x2m_1—x2m_4)}



Xom1 — Xom.a)
- h{a ( mel(l_ ;m)IS) +0(Xpy — X2m3):|}y2m3 +

Sy (Xoms — sz—z)l_a _ %
+ Z {2 - h|:a (- a)! +b(Xy 4 X?_mz)}}

k=2

% (_ h|:a (sz—z - Xk )l_a + b(Xmez _ Xk ):| +
@-o)!

X -~ l-a
+ Zh[a ( ?_m—a_ ak)_ll) +b(Xpp_, — Xk—l):| -

—hla (Ko = kaz)l_a + b(xzm*2 B XKZ):D )
i Ql—a)!

B X —X l-a
—hla ( 2m—(11_ 0:()_'2) + b(XZm—l — X2 )} +

X - X, . l-a
+ 2h|:a ( 2 (;-_ O:)Il) + b(XZm—l - Xkl):| -

I (Xomg — X, ) _
_ h_aw +Db(X, 4 — X, )}}yk +

+{ 2— h{a (Xans = Xan )" +h(Xpp 4 — sz_z)D X
Ql—a)!

o {Zh{aw +b(Xy, , — Xo)} _
dL—a)!

— h{aM +b(X,y, , — xl)} +
Q-

X . —X l-a
+2h|:a%+b(xzm—1_xo) -

(X2m—l B X1)1_a _
_ h{aw +b(X,, 4 xl)} y, +



+ {(2 - h{a (Xom s = sz_z)l_a +h(Xpp 4 — X2m2):|J x
1-a)!

- [h{a (sz_z — Xo)l_a + b(XZm—Z _ XO)iD —
l-a)!

(XZm—l - Xo)l_a _
_ h{aW +b (X, 4 xo)}}yo +

_ 1-a
+ hZ(Z —hla (szl(l _X;n;|2) +b(Xyp, — sz)}] X

_ xl?n‘f
x ( fomo — aﬁ + bx2m2:|y10J +

Xl—a
+ hz( foma — [aﬁ + bX2m1:|y10j}a m=1.

Thus, (5.19) is an odd variant of the discretization of the Cauchy problem (1.2), (2.1).
5.3. Combining the discretization of even and odd cases as a system.

We take the following notation:

2k+1

W, =( Ya J k>0, (5.20)

Then combining (5.17) and (5.19), taking into account (5.20), we obtain the following
representation for the system of algebraic equations:

-1

3

W =3 AMW, +F , m>1 (5.21)
k=0
where
() ()
ool G nefzfen
1 Azz sz

m- Xom—2 ~ Xom— e
AN :—1—h{a( 2 2(1_;)|4) +b(X,,_, —x2m_4)}+(5.231)

X . —X . l-a
+zh[a( 2 2(1_;);) +b(x,,, —xzm_s)}



m- Xom—2 ~ Xom- o
AT =2~ h{a( : 2(1_;)|3) +0(Xy, — sz—s)} (5.23;)

AT _ (2 - h{a (XZm-l(l__X;r;f)M +D (X — XZm_z)D x (5.235)

Xor 5 — Xor 4 )
X (—1— h|:a ( 2m—2(1_ 02;;;4) +b(Xy 5 — sz_4)} +

N 2h|:a (Xom2 — sz—s)lia +b(x,, , — sz_S)}J -
@-a)

X . —X . l-a
—h{a( 2 1(1_;)|4) +b(X2m1_X2m4):|+

X . —X . l-a
+ 2h|:a (X, 1(1_ ;)ls) +b(Xy — Xms)} -

X —X 1-a
- h{a ( 2m_1(1_ 62;;_'2) +0(Xpy — sz_z)}

A _ (2 - h{a (szl(l__xéf;f)l_a +0(Xyp s — XZmz)D x(5.23,)

X (2 - h|:a (X2m72 _ sziS)lia + b(XZm—Z - XZmS):D -
1-a)!

X . —X . l-a
—1—h{a( 2 1(1_;)|3) +b(X2m—l_X2m—3)}+

X - X . l-a
+ 2h|:a (X, 1(1_ ;)'2) +b(Xy — X2m—2):|

Al(ll() = _h{a (szé—:;ik' )l_a + b(Xmez — Xy )} +(5.24y)

X —X l-a
+ 2h|:a ( Zm_zl— ;;;1) + b(xzm—z - X2kl):| -



_ 1-a _
- h{a (X2m-21 _)zk)-'?-) h(X, , — x2k_2)}, k=Lm-2,

_ 1-o
R e L ] (524

X . _— l-a
+ 2h|:a ( 2 (:2[_ a;kl) + b(sz—z — Xy ):| -

_ l-a
- h{a (sz_zl—);i;;l) +b(Xy 5 — X2k—1):|’ k=1m-2,

& _|o_ (X2m—l — szfz)l_a _ %
1 —(2 h{a (1—0()! +b(X2m—l szz)}j (5-243)

% (_ h{a (X?_m—z - X2k )l_a + b(X2m72 _ X2k )} +
Q-o)!

Xor 5 — Xy )
+ 2h|:a ( zm_zl— ;;;1) + b(xzm—z - X2kl):| -

I (X m2 ~ Xok- )1—0!
—h| a~=2 zl—;glz Oy = Xp ) ||~

(X . _X ~ )l—a
—hj a2 zl_;k)lz +0(Xomy —Xa2) [+

X . — X, . l-a
+2h|:a( 2 El—;;'l) +b(X2m—1_X2k—1):|_

_ l-a -
- h{a (sza_ ;({2;) +B(Xom 1 — Xa )} k=1m-2,

X

Xor 4 — Xor )
() = (2 - h{a Oons “Xama) gy - XZm_z)D (5.244)

@—a)!

_ 1-a
X [— h|:a (sz_él _);;_;1) + b(XZm—Z - X2k+1):| +



Xy — X0 )
+ Zh[a ( zma_ a;k') +0(X,, , — Xy, )} —~

|
=

I (X2m—1 — sz—z)l_a _ —
a (1—a)! +b(Xyn4 szz):D

(X m— = Xop_ )17&
—hl a2 21—0253'1 +0 Xy = Xpa) [+

Xy — Xy )
+ Zh[a ( Zma_ az)kl) +0(Xy, — Xy, )} —~

_ l-a
_ h{a (X2m-él _)z;f) Fb(%,, , - x2k+1)}, k=Lm-2,

Xm, —X 1o
A —_h a%m(xzm_z — %) | (5.25)

X —X 1-o
AD = 2h a%m(xzm_z %) |~ (65.25)

(sz—z — Xl)l_a _
_ h{aW +b(X,,, » xl)},

0 _|9_ (sz—1_xzm—2)1_a _ %
0 _Lz h{a o +b(Xop 4 xzmz)D (5.253)

% (_ h{aw +b(X,, , — XO)D _
1-o)!

(X2m—1 — Xo)l_a _
_ h{aW +b(X,, 4 xo)}

0 _|9_ (sz—1_xzm-2)17a _ %
’ _Lz h{a o +b(Xop 4 xzmz)D (5.254)

X (gh{aw +b(X,, , — Xo)} -
Ql-—a)!

- h{aM Fb(X,, , — Xl)D n
@Q—o)!



Xor 1 — Xg)
Zh{a%mum1 —X,) |-

+h Xy — %) |

_ h{a (X2m—l — Xl)lia
1l-—a)!

le:hZ{me_z { ﬁmxzm_z ylo}, m>1. (5.26,)

_h2l o (szfl_Xmez)l_a _ %
sz =h (2 h{a (1—0!)! +b(X2m71 szz)}J (5-262)

Xam.2
x| foma — (_a)l+bxzm—2 Yio | T

Xla
+h2(f2m_1 { (iﬁ3|+bxmmlymj,n1zl.

5.4. A classical analogue of the discretization of problem (1.2), (2.1).

Now (5.21) can be represented in the form:

m-2
W, =AW+ > AW, +F, m>1. (5.27)

k=0

Expressing the sum in (5.27) all terms through W,,, we have:

m-2 j .
W_=A"DW 4 {u > > [1A% }A‘O)WO +(5.28)

J=L m=22i>i_ 4> >i; > 21 k=1

+ mzll:1+ mii Z ﬂA(ik):|A(s_l) FS—1 + I:m’ m>2,

s=2 J=8 M=22i;>i; 1 >..>i;>s k=s
W, = APW, +F,
1 0 1

Finally, solving (5.28), i.e. excluding also W, ,, we get:

{1+2 > HA“O}A@W + (5.29)

=1 m=22ij>ij_,>.>i; > 21 k=1

+i{1+mj > ﬂA(ik)}A(s‘l)Fs_ﬁFm, m>1.

s=2 j=8 M=12i>i;_,>. >ig>s k=s



Thus (5.27) is a discretization of the Cauchy problem (1.2), (2.1) with a difference of one

time step between (5.28).
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